Introduction
The numerical quadrature rules are broadly classified into two categories, namely closed type quadrature rules and open type quadrature rules. A quadrature rule
is said to be of closed type if the function evaluation is needed at the end points of the interval [a, b] . A quadrature rule is said to be of open type if both the end points are omitted from the evaluation of function. Newton-Cotes quadrature rules and Lobatto quadrature rules are examples of closed type rules whereas Steffensen's quadrature rules, Gauss-Legendre quadrature rules, and anti-Gauss quadrature rules are examples of open type rules. Open type quadrature rules are more useful for evaluation of singular integrals.
The idea of Gaussian quadrature is to give ourselves the freedom to choose not only the weighting coefficients but also the location of the abscissas at which the function is to be evaluated: they will no longer be equally spaced. Thus, we will have twice the number of degrees of freedom at our disposal; it will turn out that we can achieve Gaussian quadrature formulae whose order is, essentially, twice that of the Newton-Cotes formulae with the same number of function evaluations. High order is not the same as high accuracy. High order translates to high accuracy only when the integrand is very smooth, in the sense of being "well-approximated by a polynomial".
There is, however, one additional feature of Gaussian quadrature formulae that adds to their usefulness. We can arrange the choice of weights and abscissas to make the integral exact for a class of integrands "polynomial times some known function W (x)" rather than for the usual class of integrands "polynomials".
The function W (x) can then be chosen to remove integrable singularities from the desired integral. For different weight functions there are different Gaussian quadrature rules, like for weight function W (x) = 1 √ 1 − x 2 and W (x) = e −x the corresponding Gaussian quadratures are referred to as Gauss-Chebyshev and Gauss-Laguerre quadrature, respectively.
It is natural to take the challenge that if we have a task to integrate an improper integral numerically over [0, ∞) then what would be our initial approach; anybody can have the intuition that certainly it would aim at Gauss-Laguerre quadrature. Let us discuss the problem follows.
Obviously this integral is an improper integral of both first and second kind since f (x) is undefined at x = 0 and the upper limit of the integral is infinite. Now the important thing is that if we are still looking to integrate this function then the following primary problems will arise:
(i) How could we remove the singularity?
(ii) Can we still take the continuous interval?
(iii) How can the integral be set to converge?
The answer to the first question is that if we can punch a weight on the integrand then we might be able to remove the singularities, i.e. particularly for Gauss-Laguerre quadrature over [0, ∞) we choose weight function W (x) = e −x and then integrate W (x)f (x) = e −x f (x) over [0, ∞).
The answer to the second question is, for a certain precision, instead of the continuous set of points we look for a discrete set of points where we can approximate the integrand exactly with the help of a polynomial, i.e.
is exact if f (x) is a polynomial. As per everyone's knowledge for Laguerre quadrature, the nodes are the zeros of the Laguerre polynomial. Now let us go back to our third question. The convergence of the integrand can only be set in force if we can have a good choice of weight function, i.e. to say the convergence of the integral now depends upon the convergence of the weight function W (x). Specifically for Laguerre quadrature we choose W (x) = e −x because it is a rapidly decreasing function over [0, ∞) and it helps f (x) to converge exponentially. Let us go back to our first example, i.e. f (x) = 1 √ x . Now we draw the graphs of Figure 1 ).
This graph shows the behavior of the three functions in [0, 1] . Needless to say, these three graphs are decreasing, but which one is the fastest? This probably better clarified in Figure 2 That is why we need a weight function that helps the integral to converge. The necessity of
Laguerre quadrature now becomes distinct. Though 1 √ x is decaying, it is not defined at x = 0 and obviously the integral becomes unbounded as x approaches ∞ . Another important thing to be stated here is that in every Gaussian quadrature we are approximating through an orthogonal polynomial and in Laguerre quadrature we are taking the Laguerre polynomial, which is also orthogonal. The reason behind this is whenever a function fails to give value at a certain point or has holes in the specified domain then this orthogonal polynomial smoothens the function by making a bridge over the holes and gives its own zeros as our nodes to evaluate our integrals. If we increase the order, the function starts merging with the orthogonal polynomial, which can be seen in Figure 4 . The method of mixed quadrature is a new method of enhancing the precision of quadrature. This was first coined by Das and Pradhan [7] . In this method a quadrature rule of higher precision is formed by taking the linear/convex combination of two or more quadrature rules of equal lower precision. In the literature, precision of quadrature rules was enhanced through either Richardson extrapolation or Kronrod extension. Richardson extrapolation gives us a family of formulae of higher precision, taking into account a trapezoidal formula as the base formula (refer to [1, 2, 13, 16] ). On the other hand, [11, 15] presented quadrature rules of higher precision by taking Gaussian quadrature as the base rule. These methods of precision enhancement, each having single base rule, are very much cumbersome, but the enhancement of precision by mixed quadrature approach with the aid of two rules is very simple and easy to handle. Das and Dash [4] [5] [6] 8] were the first to use the mixed quadrature rule for approximation of real definite integrals in an adaptive environment.
For evaluation of improper integrals of the form
usually Gauss-Laguerre type of rules are used, but the Gauss-Laguerre quadrature rules are not suitable for adaptive integration schemes since they are used only when the interval of integration is [0, ∞).
In this paper our attempt is to evaluate (1.1) efficiently in the adaptive integration scheme as described in [3, 9] using an alternative mixed quadrature rule as the base rule.
As Steffensen's 4-point rule and the anti-Gauss 3-point rule are of same precision (i.e. precision-3), we have constructed a mixed quadrature rule of higher precision (i.e. precision-5) taking the convex combination of these two rules. This mixed rule is called an open type rule as the two constituent rules are of open type.
To apply the quadrature/mixed quadrature rule for evaluation of
Here we have designed a new adaptive integration scheme involving the above mixed quadrature rule and its constituent rules. Using the scheme some improper test integrals have been evaluated and the results are compared with the results obtained by the Gauss-Laguerre quadrature rules. For numerical computation in respect to Gauss-Laguerre quadrature we have taken the nodes and corresponding weights from Table 1 . The results are reflected in Tables 2, 3 , and 4. A comprehensive conclusion is given at the end. 
Basic quadrature rules
The general problem of the numerical integration/quadrature rule is to find an approximate value of the integral 
where x i , i = 0(1)n are called the nodes distributed within the limits of integration.
w i , i = 0(1)n are called the weights of the quadrature rule. The error of approximation is given as
Steffensen's quadrature rules
Steffensen's quadrature rules are of open type Newton-Cotes quadrature rules [13] . These rules may be used when the function has singularity at the end points or the values of the function are known at the end points. These rules are useful to solve differential equations numerically when the function values at the end points are not available.
Steffensen's 4-point rule
where h = b − a 5 and
The degree of the precision of the rule (2.4) is 3.
Gauss-Laguerre quadrature rule
The Gauss-Laguerre quadrature rule [14] is a Gaussian quadrature over the interval [a, b] with the weight function ψ(x) = e −x . The general form is
The nodes x 
which satisfies the recurrence relation
The weights λ i s are given by
(2.9)
The error term is
Anti-Gaussian quadrature rule
Laurie [12] was the first to coin the idea of the anti-Gaussian quadrature rule. An anti-Gaussian n + 1 point quadrature rule is a rule whose degree of precision is 2n − 1. It integrates polynomials of degree up to 2n + 1 with an error equal in magnitude but of opposite sign to that of the n -point Gaussian rule.
Using this idea of Laurie, we construct an anti-Gauss 3-point rule of precision 3 from the Gauss-Legendre 2-point rule as follows.
The Gauss-Legendre 2-point rule is
The anti-Gauss 3-point rule R aG3 (f ) is taken as The rule is so designed that the error associated with the anti-Gaussian 3-point rule is equal to the negative of the error associated with Gauss-Legendre 2-point rule. That is,
14)
The evaluation of the unknown weights and nodes is based on the following preconditions:
(i) The rule is exact for all polynomials of degree ≤ 3.
(ii) The rule integrates all polynomials of degree up to 5 with an error equal in magnitude and opposite in sign to that of Gauss-Legendre 2-point rule.
Thus, we obtain a system of six equations having six unknowns, namely w i , x i (i = 1, 2, 3). Substituting these into equation (2.12), we get
This is anti-Gauss 3-point rule. The error associated with the rule (2.15) is
Hence, the degree of precision of the anti-Gauss 3-point rule is 3.
Construction of mixed quadrature rule of precision five
A mixed quadrature rule of precision five is constructed by using the following two quadrature rules:
(ii) Steffensen's 4-point rule (R St4 (f )).
The anti-Gauss 3-point rule (R aG3 (f )) is
Steffensen's 4-point rule (R St4 (f )) is
Each of these rules, (3.1) and (3.2), is of precision 3. Let E aG3 (f ) and E St4 (f ) denote the errors in approximating the integral I(f ) by rules (3.1) and (3.2), respectively.
Then,
Assuming f (x) to be continuously differentiable in −1 ≤ x ≤ 1, and using Maclaurin's expansion of function f (x) , we can express the errors associated with the quadrature rules under reference as
Now multiplying equations (3.3) and (3.4) by 38 125 and 1 3 respectively, and then adding the results, we obtain
where
Equation (3.8) expresses the desired mixed quadrature rule for the approximate evaluation of I(f ) and equation (3.9) expresses the error generated in this approximation.
Substituting equations (3.5) and (3.6) into equation (3.9), we obtain
As the first term of E aG3St4 (f ) contains the sixth-order derivative of the integrand, the degree of precision of the mixed quadrature rule is 5. It is called a mixed type rule as it is constructed from two different types of rules of equal lower precision.
Error analysis of the mixed quadrature rule
An asymptotic error estimate and an error bound of the rule (3.8) are given in Theorems 4.1 and 4.2, respectively. 
Proof The proof follows from (3.10). 2
Theorem 4.2 The bound for the truncation error
is given by
computed behavior of the integrand and applying the same formula over each subinterval. The algorithm for the adaptive integration scheme is outlined using the mixed quadrature rule (R aG3St4 (f )) in the following four steps.
Input: Function f : [a, b] → R and the prescribed tolerance ε.
Step 1: The mixed quadrature rule (R aG3St4 (f )) is applied to approximate the integral
The approximated value is denoted by (R aG3St4 [a, b] ).
Step 2 Step 3:
Step 4: Table 2 . Numerical approximation of some improper integrals using Gauss-Laguerre 2-point, 3-point, and 4-point If the termination criterion is not satisfied on one or more of the subintervals, then those subintervals must be further subdivided and the entire process is repeated. When the process stops, the addition of all accepted values yields the desired approximate value Q(f ) of the integral I(f ) such that
N.B. In this algorithm we can use any quadrature rule to evaluate real definite integrals in the adaptive integration scheme.
Conclusion
(1) When results of the test integrals appearing in Tables 2 and 3 are compared with those of Table 4 , one can smartly derive the conclusion that the adaptive integration scheme of mixed quadrature in evaluation of improper integrals using the mixed rule as the base rule is significantly a much better numerical quadrature tool than Gauss-Laguerre quadrature rules.
(2) When results of Table 4 are analyzed, one can derive the conclusion that the adaptive integration scheme having the mixed rule as the base rule is much better than the scheme having constituent rules (of mixed All the computations are done using the 'C' program [5] . It is important to note that the results are corrected up to five decimal places.
quadrature R aG3St4 (f )), Steffensen's-4-point rule ( R St4 (f ) , and the anti-Gauss 3-point rule (R aG3 (f ) ) as the base rules as far as the number of steps is concerned. Table 4 . Numerical approximation of some improper integrals (as given in Table 2 ) using Gauss-Laguerre 5-point and 6-point quadrature rules ( RGLag 5 (f ) ), ( RGLag 6 (f ) ).
Approximate value (Q(f )) Integrals R GLag5 (f ) R GLag6 (f ) Finally, we conclude that the mixed rule adaptive integration scheme is a highly efficient scheme both theoretically and practically.
